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The annihilator L⊥ of a subspace L of a JBW∗-triple A consists of
the elements a in A for which {L a A} is equal to {0}, the kernel
Ker(L) of L consists of those elements a in A for which {L a L} is
equal to {0}, and the inner ideal Inid(L) in A associated with L
consists of the elements a in A for which {a L a} is equal to {0}
and {L a A} is contained in L. A weak∗-closed subspace J is said to
be an inner ideal in A if { J A J } is contained in J , in which case
A = J ⊕ J1 ⊕ J⊥,
where J1 is the intersection of the kernels of J and J⊥ . The inner
ideal Inid( J ) in A associated with a weak∗-closed inner ideal J
in A forms a complementary weak∗-closed inner ideal to J . It turns
out that Inid( J ) is compatible with J and coincides with Inid( J ) ∩
k( J⊥⊥) ⊕M J⊥ . In the case where J is a Peirce inner ideal in A, by
completely identifying Inid( J ), it is shown that Inid( J ) is a Peirce
inner ideal in A and the inner ideal Inid(Inid( J )) in A associated
with Inid( J ) is equal to J .
© 2011 Elsevier Inc. All rights reserved.
1. Introduction
One of the fundamental results in the theory of Jordan∗-triples is the existence of a Peirce decom-
position of the Jordan∗-triple relative to a tripotent. This allows the space to be considered as the
direct sum of three subtriples, the interplay of which is described by the Peirce multiplication rules.
Edwards and Rüttimann [20] studied this concept in anisotropic Jordan∗-triples and generalised it to
complemented inner ideals with complemented annihilator. In this case, the space decomposes into
two inner ideals and a subspace, but not all Peirce multiplication rules hold. For JBW∗-triples, which
are deﬁned to be JB∗-triples that possess a pre-dual, this result becomes far more applicable, as all
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Peirce multiplication rules hold.
Many geometric properties of the pre-dual A∗ of a JBW∗-triple A correspond to algebraic proper-
ties of A and, as a consequence, the pre-dual A∗ of A has been proposed as a model for the state
space of a physical system [24–27]. Weak∗-closed inner ideals can be interpreted as representing the
yes-outcomes to physical “propositions”.
This paper is concerned with the properties of JBW∗-triples and an operation that produces inner
ideals. This operation was ﬁrst introduced by Loos and Neher [36] in an analysis of complementation
of inner ideals. From a physical point of view, for a subspace L of a JBW∗-triple A, the inner ideal
Inid(L) in A associated with L may be thought of as representing a “proposition” complementary
to all effects in L. In particular, the relationship between a weak∗-closed inner ideal J in A and its
associated inner ideal Inid( J ) in A is investigated.
For each subset, subspace, or subtriple M of a JBW∗-triple A, deﬁne the kernel Ker(M) of M to
be the set of all elements a in A for which {M a M} is equal to {0} and deﬁne the annihilator M⊥
of M to be the set of all elements a in A for which {M a A} is equal to {0}. A subtriple J of A
is said to be complemented [19] if A coincides with J ⊕ Ker( J ). It can easily be seen that every
complemented subtriple is a weak∗-closed inner ideal. A linear projection P on a JBW∗-triple A which,
for all elements a, b, and c in A, satisﬁes the condition
P {a Pb c} = {Pa b Pc}
is said to be a structural projection [35]. It follows from [16,18,19] that such mappings are always
contractive and weak∗-continuous, the range P A of P is a complemented subtriple, and the kernel
ker P of the map P coincides with Ker(P A). Moreover, for any weak∗-closed inner ideal J in A,
there exists a structural projection on A onto J and therefore, J is complemented and P → P A
is a bijection between the two complete lattices S(A) of structural projections on A and I(A) of
weak∗-closed inner ideals in A. For each element J in I(A), the annihilator J⊥ also lies in I(A) and
A enjoys the generalised Peirce decomposition
A = J2 ⊕ J1 ⊕ J0, (1.1)
relative to J , where the corresponding Peirce-two space J2, Peirce-one space J1, and Peirce-zero space J0
are given by
J2 = J , J1 = Ker( J ) ∩ Ker
(
J⊥
)
, J0 = J⊥. (1.2)
Observe that
Ker( J ) = J1 ⊕ J⊥, Ker
(
J⊥
)= J ⊕ J1. (1.3)
Furthermore,
{ J2 J0 A} = {0}, { J0 J2 A} = {0}, (1.4)
and, for j, k, and l equal to 0, 1, or 2, the Peirce multiplication rules,
{ J j Jk Jl} ⊆ J j+l−k, (1.5)
when j + l − k is equal to 0, 1, or 2, and
{ J j Jk Jl} = {0}, (1.6)
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(1,1,2), (1,2,1), or (1,1,1). The Peirce-two projection P2( J ) and Peirce-zero projection P0( J ) corre-
sponding to J are deﬁned to be the structural projections on A onto J and J⊥ , respectively, and the
Peirce-one projection P1( J ) corresponding to J is deﬁned to be the projection idA − P2( J ) − P0( J )
on A onto J1. Remarkably, the Peirce multiplication rules hold in all cases if and only if P1( J ) is
contractive, in which case J is said to be a Peirce inner ideal. In physical applications, when consid-
ering a two-outcome operation, also referred to as a “proposition”, J2 represents the yes-outcome,
J0 represents the no-outcome, and J1 represents the information lost. In the physical application of
a two-outcome operation, a possible interpretation of the contractivity of P1( J ) is that it represents
a weak ﬁlter, from which the lost information may be recovered.
There has been a signiﬁcant amount of research on the properties of Peirce inner ideals and,
for example, much can be said about its bi-annihilator, corresponding Peirce-one space, and central
structure.
A linear projection P on a Banach space A is said to be an M-projection if, for each element a in A,
‖a‖ = max{‖Pa‖,‖a − Pa‖}.
Two weak∗-closed inner ideals J and K are said to be compatible [15] if, for j and k equal to 0, 1,
or 2, P j( J ) commutes with Pk(K ) or, equivalently, if
A =
⊕
j,k=0,1,2
J j ∩ Kk. (1.7)
The corresponding physical operations may be thought to be simultaneously performable. A weak∗-
closed inner ideal I is compatible with all weak∗-closed inner ideals in A if and only if it is an ideal
in A or, equivalently, if and only if P2(I) is an M-projection on A [15]. The sets Z I(A) of weak∗-
closed ideals in A and Z S(A) of corresponding central elements of S(A), or M-projections on A,
form order isomorphic Boolean sub-complete lattices of I(A) and S(A), respectively. For a subset M
of A, the central kernel k(M) denotes the largest weak∗-closed ideal in A contained in M and the
central hull c(M) denotes the smallest weak∗-closed ideal in A containing M . The annihilator c(M)⊥
of the central hull c(M) of M coincides with the central kernel k(M⊥) of the annihilator M⊥ of M .
The annihilator ( J1)⊥ of the Peirce-one space J1 corresponding to a Peirce inner ideal J in A is given
by
( J1)
⊥ = k( J) ⊕M k
(
J⊥
)
. (1.8)
Moreover, the bi-annihilator J⊥⊥ of a Peirce inner ideal J in A is given by
J⊥⊥ = J ⊕ J1 ∩ k
(
J⊥⊥
)
and hence
J⊥⊥ ∩ c( J⊥)= J ∩ c( J⊥), J⊥⊥ ∩ J1 = J1 ∩ k
(
J⊥⊥
)
. (1.9)
See, for example [1,2,5,8,9,15,23].
For each subspace L of a JBW∗-triple A, deﬁne the inner ideal Inid(L) in A associated with L to be
the set of all elements a in A, for which {a L a} is equal to {0} and {L a A} is contained in L. The
results of [16] and [36] may be combined to establish that, for all elements J of I(A),
Inid
(
Ker( J )
)= J .
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inner ideal J a weak∗-closed inner ideal containing the annihilator J⊥ of J . It is shown that, for
Peirce inner ideals J in a JBW∗-triple A,
Inid( J ) = J1 ∩ k
(
J⊥⊥
)⊕M J⊥,
a Peirce inner ideal in A. This result has many consequences, such as identifying Inid(Inid( J )) and
identifying a new condition which ensures that a weak∗-closed inner ideal J in A, the annihilator J⊥
of which is an ideal, is Peirce.
This paper is organised as follows. In Section 2, Jordan∗-triples and JBW∗-triples are deﬁned and
many of their purely algebraic structures and geometric properties are revealed. Section 3 is devoted
to the Inid operation and establishes some of its fundamental properties. The inner ideal Inid( J ) in A
associated with an inner ideal J in A is investigated in Section 4 and a precise identiﬁcation of the
inner ideal in A associated with Peirce inner ideals J and its corresponding Peirce spaces is given in
Section 5. Finally, in Section 6, the results of the previous sections are applied to rectangular JBW∗-
triples and spin triples.
2. Preliminaries
A complex vector space A is said to be a Jordan∗-triple if there exists a triple product (a,b, c) →
{a b c} from A × A × A to A, which is symmetric and linear in the ﬁrst and third variables and
conjugate linear in the second variable such that, for elements a, b, c, d, and e in A,
{
a b{c d e}}− {c d{a b e}}= {{a b c}d e}− {c{d a b}e}. (2.1)
For elements a and b in A, the multiplication operator D(a,b) : A → A and quadratic operators
Q (a), Q (a,b) : A → A are deﬁned, for all elements c in A, by
D(a,b)c = {a b c}, Q (a,b)c = {a c b}, Q (a)c = {a c a}.
Then (2.1) may be written as
[
D(a,b), D(c,d)
]= D({a b c},d)− D(c, {d a b}), (2.2)
where [ , ] denotes the commutator. This condition is said to be the Jordan triple identity. Furthermore,
for elements a, b, and c in a Jordan∗-triple A, the triple product automatically satisﬁes the conditions
Q
(
Q (a)b
)= Q (a)Q (b)Q (a), (2.3)
4Q
({a b c})+ 2Q (Q (a)Q (b)c, c)= Q (a)Q (b)Q (c) + Q (c)Q (b)Q (a)
+ 4D(a,b)Q (c)D(b,a). (2.4)
A Jordan∗-triple A is said to be anisotropic if whenever an element a in A is such that {a a a} is equal
to zero, then a is equal to zero.
A subspace M of a Jordan∗-triple A is said to be a subtriple of A if {M M M} is contained in M .
A subspace J of a Jordan∗-triple A is said to be an inner ideal in A if { J A J } is contained in J and
is said to be an ideal in A if { J A A} and {A J A} are contained in J . Notice that all ideals are inner
ideals and all inner ideals are subtriples.
For further details on the properties of Jordan structures, such as Jordan∗-triples, quadratic maps,
and further algebraic identities of the triple product, the reader is referred to [34].
A Jordan∗-triple A, which possesses a complete norm such that D , the multiplication operator
on A, is continuous from A × A to the Banach algebra B(A) of bounded linear operators on A and,
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satisﬁes
∥∥D(a,a)
∥∥= ‖a‖2,
is said to be a JB∗-triple. Notice also that, for all elements a in A,
∥∥a3
∥∥= ∥∥{a a a}∥∥= ‖a‖3,
as shown in [32, Proposition 5.3], and hence, all JB∗-triples are anisotropic Jordan∗-triples.
Every norm-closed subtriple of a JB∗-triple A is a JB∗-triple [32] and a norm-closed subspace I
of A is an ideal if and only if {I I A} is contained in I [7, Proposition 1.3]. A JB∗-triple A is said to
be a JBW∗-triple if it is the dual of a Banach space A∗ . It follows that a weak∗-closed subtriple J of
a JBW∗-triple A is a JBW∗-triple. The pre-dual A∗ of a JBW∗-triple A is unique [31] and, for elements
a and b in A, the operators D(a,b) and Q (a) are weak∗-continuous [4]. It was proved in [10,11]
that the bi-dual A∗∗ of a JB∗-triple A is a JB∗-triple and hence a JBW∗-triple. For details of these
results and more properties of JBW∗-triples, the reader is referred to [3,4,10,11,28,31–33,39,40]. Exam-
ples of JB∗-triples are C∗-algebras and JB∗-algebras and examples of JBW∗-triples are W∗-algebras, or
von Neumann algebras, and JBW∗-algebras, for the properties of which the reader is referred to [12,29,
41,42].
The kernel of a subset M of A, denoted by KerA(M), is the set of all elements a in A for which
{M a M} vanishes. Two elements a and b of a JBW∗-triple are said to be orthogonal, denoted by a ⊥ b,
if D(a,b) is zero. Note that this relation is symmetric. For a subset M of A, the subset M⊥A of A
consisting of all elements which are orthogonal to all elements of M is a weak∗-closed inner ideal
in A which is known as the annihilator of M in A. Throughout the paper, for a subset M of A,
M⊥ denotes the annihilator M⊥A of M in A and Ker(M) denotes the kernel KerA(M) of M in A. For
subsets M and N of A, M⊥ ∩ M ⊆ {0}, M ⊆ M⊥⊥ , M ⊆ N implies that N⊥ ⊆ M⊥ , and M⊥ and M⊥⊥⊥
coincide. It is clear from these deﬁnitions that the annihilator M⊥ of M is contained in the kernel
Ker(M) of M and M ∩ Ker(M) is equal to {0}.
An element u in a JBW∗-triple A is said to be a tripotent if {u u u} is equal to u. Observe that
non-zero tripotents are of norm one. Two tripotents u and v are orthogonal if one of the following
equivalent conditions holds: D(u, v) = 0; D(v,u) = 0; {u u v} = 0; {v v u} = 0.
For each tripotent u in A, the weak∗-continuous linear operators P2(u), P1(u), and P0(u), deﬁned
by
P2(u) = Q (u)2, P1(u) = 2
(
D(u,u) − Q (u)2),
P0(u) = idA − 2D(u,u) + Q (u)2, (2.5)
are mutually orthogonal projection operators on A with sum idA . For j equal to 0, 1, or 2, the range
of P j(u) is the weak∗-closed eigenspace A j(u) of D(u,u) corresponding to the eigenvalue 12 j and
A = A2(u) ⊕ A1(u) ⊕ A0(u) (2.6)
is the Peirce decomposition of A relative to u. Moreover, A2(u) is a Peirce weak∗-closed inner ideal
in A and the spaces A2(u), A1(u), and A0(u) coincide with the Peirce-two, Peirce-one, and Peirce-
zero spaces (A2(u))2, (A2(u))1, and (A2(u))0 corresponding to A2(u), respectively. Consequently, the
Peirce multiplication rules (1.4)–(1.6) hold.
The set of tripotents in A is denoted by U(A). Observe that there exists a partial order on U(A)
deﬁned, for elements u and v in U(A), by u  v if {u v u} is equal to u, or, equivalently, if v − u
is a tripotent orthogonal to u. Furthermore, for each element a in the JBW∗-triple A, there exists
a smallest element r(a) in U(A) for which a is a positive element in the JBW∗-algebra A2(r(a)). The
tripotent r(a) is said to be the range tripotent of a. For a detailed proof, see [21, Lemma 3.3]. The
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coincides with the norm-closed linear span of the set U (A) of tripotents in A. From this it can be
seen that, for a weak∗-closed subtriple B of a JBW∗-triple A and a weak∗-closed subtriple L of B , the
annihilator L⊥B of L in the JBW∗-triple B coincides with L⊥ ∩ B .
Let I(A) denote the set of weak∗-closed inner ideals in the JBW∗-triple A, which, under the inclu-
sion partial ordering, forms a complete lattice, and let S(A) denote the set of structural projections
on A. The results of [16] can be used to show that the set S(A) of structural projections on A is
a complete lattice with respect to the ordering deﬁned, for elements R1 and R2, by R1  R2 if and
only if R2R1 is equal to R1 and the mapping R → RA is an order isomorphism from S(A) onto the
complete lattice I(A) of weak∗-closed inner ideals in A. The centroid Zb(A) of the JBW∗-triple A is
deﬁned to be the set of bounded linear operators T on A such that, for elements a in A, T D(a,a)
coincides with D(a,a)T . Let Z I(A) denote the Boolean sub-complete lattice of I(A) consisting of
weak∗-closed ideals in A.
A closed subspace, which is the range of an M-projection, is said to be an M-summand of A and
A is said to be equal to the M-sum
A = S A ⊕M (idA − S)A
of the M-summands S A and (idA − S)A.
It was proved in [15, Theorem 6.6] that a weak∗-closed inner ideal I in A with corresponding
Peirce-two projection P2(I) is an ideal if and only if one of the following equivalent conditions holds:
the operator P2(I) is a central structural projection; the operator P2(I) lies in the centroid Zb(A)
of A; the operator P2(I) is an M-projection; I is compatible with every weak∗-closed inner ideal J
in A; the Peirce-one space I1 corresponding to I coincides with {0}; the kernel Ker(I) of I coincides
with the annihilator I⊥ of I; the M-sum I ⊕M I⊥ of I and the annihilator I⊥ of I exhausts A.
3. The Inid operation
In this section, the inner ideal Inid(L) in A associated with a subspace L of an anisotropic Jordan∗-
triple A, an object originally introduced by Loos and Neher in [36], is deﬁned and, in the case in
which A is a JBW∗-triple, some new properties are revealed.
Let A be an anisotropic Jordan∗-triple and let L be a subspace of A. Let Inid(L) denote the set of
all elements a in A, for which
{a L a} = {0}, (3.1)
{L a A} ⊆ L. (3.2)
The following result, which shows that Inid(L) is an inner ideal in A, was proved in the context of
non-degenerate Jordan pairs, but it is easy to adapt its proof to anisotropic Jordan∗-triples.
Lemma 3.1. (See [36, Lemma 1.7].) Let A be an anisotropic Jordan∗-triple and let L be a subspace of A. Then
Inid(L) is an inner ideal in A such that
L ⊆ Ker(Inid(L)).
For a subspace L of A, Inid(L) is said to be the inner ideal in A associated with L. Since A is
anisotropic, it is clear that the intersection of a subspace L of A and the inner ideal InidA(L) in A
associated with L is equal to {0}.
This object was initially used to prove the equivalence of two possible deﬁnitions of the kernel
of an inner ideal in a non-degenerate Jordan pair. It then transpired that the Inid operation has
further properties, one of which is that it can be used to recover a complemented inner ideal from
its kernel.
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inner ideal in A with kernel Ker( J ). Then the inner ideal Inid(Ker( J )) in A associated with Ker( J ) satisﬁes
Inid
(
Ker( J )
)= J .
As a consequence, this result establishes that a complemented subtriple of an anisotropic Jordan∗-
triple is uniquely determined by its kernel.
The next result shows that, in the case of JBW∗-triples, an inner ideal J in A is complemented if
and only if J coincides with the inner ideal Inid(Ker( J )) in A associated with the kernel Ker( J ) of J .
Corollary 3.3. Let A be a JBW∗-triple and let J be an inner ideal in A. Then the inner ideal Inid(Ker( J )) in A
associated with the kernel Ker( J ) of J coincides with the weak∗-closure J w∗ of J .
Proof. Since the triple product is separately weak∗-continuous, the weak∗-closure J w∗ of J is a
weak∗-closed inner ideal in A and the kernel Ker( J w∗ ) of J w∗ coincides with Ker( J ). Therefore, J w∗ is
a complemented inner ideal in A and it follows from Lemma 3.2 that
Inid
(
Ker( J )
)= Inid(Ker( J w∗))= J w∗ ,
as required. 
In the case where the anisotropic Jordan∗-triple A is a JBW∗-triple, rather more can be said about
the inner ideal Inid(L) in A associated with a weak∗-closed subspace L of A.
Lemma 3.4. Let A be a JBW∗-triple, let L be a subspace of A, let J be an inner ideal in A, and let Inid(L) be
the inner ideal in A associated with L. Then the following results hold. If L is weak∗-closed in A, then Inid(L)
is a weak∗-closed inner ideal in A such that
Inid
(
Ker
(
Inid(L)
))= Inid(L).
Proof. Let (aλ)λ∈Λ be a net of elements of Inid(L) converging in the weak∗-topology to an element a
of A. Then, for elements λ and μ of Λ,
{aλ L aμ} = {0}, {L aλ A} ⊆ L.
By taking limits, it follows from the separate weak∗-continuity of the triple product and the fact that
L is weak∗-closed that
{a L a} = {0}, {L a A} ⊆ Lw∗ = L.
Therefore, a is an element of Inid(L) and hence, Inid(L) is a weak∗-closed inner ideal in A. It follows
that Inid(L) is a complemented inner ideal in A. Consequently, by Lemma 3.2,
Inid
(
Ker
(
Inid(L)
))= Inid(L),
as required. 
Some properties of the relationship between a subtriple B of a JBW∗-triple A, its kernel Ker(B),
and its associated inner ideal Inid(B) are explored in the next result.
Lemma 3.5. Let A be a JBW∗-triple and let B be a weak∗-closed subtriple of A with kernel Ker(B) and associ-
ated inner ideal Inid(B). Then the following hold.
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(ii) The weak∗-closed space B ⊕ Inid(B) ∩ Ker(B) is a subtriple of A.
Proof. It is clear that, by (3.1) and (3.2),
{
B Inid(B) ∩ Ker(B) A}⊆ {B Inid(B) A}⊆ B, (3.3)
{
Inid(B) ∩ Ker(B) B Inid(B) ∩ Ker(B)}⊆ {Inid(B) B Inid(B)}= {0}. (3.4)
Let C denote the weak∗-closed subspace Inid(B) ∩ Ker(B) of A. Since B is a weak∗-closed subtriple
of A, it follows from (2.2) and (3.2) that
{
B
{
Inid(B) ∩ Ker(B) B B}A}⊆ {B B{B C A}}+ {B C{B B A}}+ {{B B B} C A}
⊆ {B B{B Inid(B) A}}+ {B Inid(B) A}+ {B Inid(B) A}
⊆ {B B B} + B + B ⊆ B. (3.5)
Moreover, since B is a subtriple, it can be seen from (2.4) and (3.1) that
Q
({
Inid(B) ∩ Ker(B) B B})B ⊆ Q (Q (C)Q (B)B, B)B + Q (C)Q (B)Q (B)B
+ Q (B)Q (B)Q (C)B + D(C, B)Q (B)D(B,C)B
⊆ Q (Q (Inid(B))B, B)B + Q (Inid(B))B + Q (B)Q (B)Q (Inid(B))B
+ D(C, B)Q (B)D(B,Ker(B))B = {0}. (3.6)
Observe that, by (3.5) and (3.6),
{
Inid(B) ∩ Ker(B) B B}⊆ Inid(B). (3.7)
Furthermore, by (2.2),
{
B
{
Inid(B) ∩ Ker(B) B B}B}⊆ {B B{B C B}}+ {B C{B B B}}+ {{B B B} C B}
⊆ {B B{B Ker(B) B}}+ {B Ker(B) B}+ {B Ker(B) B}= {0},
thereby proving that {Inid(B) ∩ Ker(B) B B} is contained in Ker(B). It follows from (3.7) that
{
Inid(B) ∩ Ker(B) B B}⊆ Inid(B) ∩ Ker(B). (3.8)
Since Inid(B) is an inner ideal in A, it is clear that
{
Inid(B) ∩ Ker(B) A Inid(B) ∩ Ker(B)}⊆ {Inid(B) A Inid(B)}⊆ Inid(B). (3.9)
Observe that, by (2.2) and (3.2),
{
B
{
Inid(B) ∩ Ker(B) A Inid(B) ∩ Ker(B)}B}
⊆ {B C{A C B}}+ {A C{B C B}}+ {{A C B}C B}
⊆ {B C {A Inid(B) B}}+ {A C{B Ker(B) B}}+ {{A Inid(B) B} C B}
⊆ {B Ker(B) B}+ {0} + {B Ker(B) B}= {0}.
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{
Inid(B) ∩ Ker(B) A Inid(B) ∩ Ker(B)}⊆ Inid(B) ∩ Ker(B). (3.10)
Therefore, Inid(B) ∩ Ker(B) is a weak∗-closed inner ideal in A. Since B is a subtriple of A, it follows
from (3.3), (3.4), (3.8), and (3.10) that
{(
B ⊕ Inid(B) ∩ Ker(B)) (B ⊕ Inid(B) ∩ Ker(B)) (B ⊕ Inid(B) ∩ Ker(B))}⊆ B ⊕ Inid(B) ∩ Ker(B),
showing that the space B ⊕ Inid(B) ∩ Ker(B) is a weak∗-closed subtriple of A, as required. 
4. The inner ideal associated with inner ideals
The focus will now move towards identifying the inner ideal Inid( J ) associated with J , where J
is an inner ideal in a JBW∗-triple. The next lemma gives some preliminary properties.
Lemma 4.1. Let A be a JBW∗-triple and let J be an inner ideal in A with annihilator J⊥ , kernel Ker( J ), and
associated inner ideal Inid( J ). Then the spaces J⊥ , Ker( J ), and Inid( J ) satisfy the relation
J⊥ ⊆ Inid( J ) ⊆ Ker( J ).
Proof. It is clear from the deﬁnitions that J⊥ is contained in Inid( J ).
Let a be an element of Inid( J ) and let b be an element of J . Since J is an inner ideal in A, it
follows from (2.3) and (3.1) that
{{b a b} {b a b} {b a b}} ∈ {{b a b} A {b a b}}= Q (Q (b)a)A
= Q (b)Q (a)Q (b)A ⊆ Q (b)Q (a)Q ( J )A
⊆ Q (b)Q (a) J = Q (b){0} = {0}.
Consequently, since A is anisotropic, {b a b} is equal to 0 and hence, a lies in Ker( J ), as required. 
The following corollary is immediate from Lemma 3.5(ii) and Lemma 4.1.
Corollary 4.2. Let A be a JBW∗-triple and let J be a weak∗-closed inner ideal in A. Then J ⊕ Inid( J ) is
a weak∗-closed subtriple of A.
The following lemma is basic but very useful for the investigation carried out in this paper.
Lemma 4.3. Let A be a vector space and let L, M, and N be subspaces of A such that M is contained in L. Then
L ∩ (M + N) = M + L ∩ N.
In order to study the compatibility of a weak∗-closed inner ideal J in a JBW∗-triple and its associ-
ated inner ideal Inid( J ), it is necessary to analyse the relationship of the Peirce spaces corresponding
to J and Inid( J ). The next three results identify the intersections of these spaces.
Lemma 4.4. Let A be a JBW∗-triple, let J be a weak∗-closed inner ideal in A with annihilator J⊥ , correspond-
ing Peirce-one space J1 , and associated inner ideal Inid( J ), let Inid( J )⊥ be the annihilator of Inid( J ), and
let Inid( J )1 be the Peirce-one space corresponding to the weak∗-closed inner ideal Inid( J ) in A. Then the
following hold:
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Inid( J ) = J1 ∩ Inid( J ) ⊕ J⊥;
Inid( J )⊥ = J ∩ Inid( J )⊥ ⊕ J1 ∩ Inid( J )⊥.
Proof. Recall from Lemma 4.1 that
J⊥ ⊆ Inid( J ) ⊆ Ker( J ). (4.1)
Therefore, J⊥ coincides with J⊥ ∩ Inid( J ). Moreover, it can be seen from (1.3), (4.1), and Lemma 4.3
that
Inid( J ) = Inid( J ) ∩ Ker( J ) = Inid( J ) ∩ ( J1 ⊕ J⊥
)= J1 ∩ Inid( J ) ⊕ J⊥.
Since J⊥⊥ is contained in Ker( J⊥) and the annihilator is order-reversing, it follows from (1.3)
and (4.1) that
Inid( J )⊥ ⊆ J⊥⊥ ⊆ Ker( J⊥)= J ⊕ J1.
Let a be an element of Inid( J )⊥ . Then there exist elements a2 of J and a1 of J1 such that
a = a2 + a1. (4.2)
Notice that, by (3.2),
{
a1 Inid( J ) Inid( J )
}= {(a − a2) Inid( J ) Inid( J )
}
⊆ {a Inid( J ) Inid( J )}+ {a2 Inid( J ) Inid( J )
}
⊆ {Inid( J )⊥ Inid( J ) Inid( J )}+ { J Inid( J ) Inid( J )}
⊆ {0} ⊕ J . (4.3)
Observe also that, by (2.2), (1.6), and (3.2),
{
J
{
a1 Inid( J ) Inid( J )
}
J
}⊆ { J a1
{
Inid( J ) Inid( J ) J
}}+ {Inid( J ) Inid( J ){ J a1 J }
}
+ {{Inid( J ) Inid( J ) J}a1 J
}
⊆ { J a1 J } + {0} + { J a1 J } = {0}. (4.4)
Since A is anisotropic, it follows from (4.3) and (4.4) that {a1 Inid( J ) Inid( J )} is equal to {0} and
hence,
{
a2 Inid( J ) Inid( J )
}⊆ {a Inid( J ) Inid( J )}+ {a1 Inid( J ) Inid( J )
}= {0}. (4.5)
Recall that, by Corollary 4.2, J ⊕ Inid( J ) is a weak∗-closed subtriple of A, containing both a2 and
Inid( J ). Moreover, by (4.1) and (4.5),
{
a2 Inid( J )
(
J ⊕ Inid( J ))}⊆ { J Inid( J ) J}+ {a2 Inid( J ) Inid( J )
}
⊆ { J Ker( J ) J}+ {0} = {0}.
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coincides with Inid( J )⊥ ∩ ( J ⊕ Inid( J )), a2 lies in Inid( J )⊥ . Furthermore, a1, which is equal to
a − a2, also lies in Inid( J )⊥ . Consequently, by (4.2), a is an element of J ∩ Inid( J )⊥ ⊕ J1 ∩ Inid( J )⊥ .
Hence,
Inid( J )⊥ = J ∩ Inid( J )⊥ ⊕ J1 ∩ Inid( J )⊥,
as required. 
Lemma 4.5. Under the conditions of Lemma 4.4, the following holds true:
J = J ∩ Inid( J )1 ⊕ J ∩ Inid( J )⊥.
Proof. Let a be an element of J . Recall from Lemma 3.1 that J is contained in Ker(Inid( J )). It follows
from (1.3) that there exist elements b1 of Inid( J )1 and b0 of Inid( J )⊥ such that
a = b1 + b0. (4.6)
Moreover, by Lemma 4.4, there exist elements c2 of J ∩ Inid( J )⊥ and c1 of J1 ∩ Inid( J )⊥ such that
b0 = c2 + c1. (4.7)
Since a and c2 lie in J , it can be seen from (4.6) and (4.7) that
b1 + c1 = a − c2 ∈ J . (4.8)
It follows from (1.6) that
{b1 c1 b1} + 2{b1 c1 c1} + {c1 c1 c1} =
{
(b1 + c1) c1 (b1 + c1)
} ∈ { J J1 J } = {0}. (4.9)
However, since Inid( J )⊥ is an inner ideal in A,
{c1 c1 c1} ∈
{
Inid( J )⊥ Inid( J )⊥ Inid( J )⊥
}⊆ Inid( J )⊥ (4.10)
and, by [16, Lemma 3.1],
{b1 c1 b1} + 2{b1 c1 c1} ∈ lin
({
Ker
(
Inid( J )⊥
)
Inid( J )⊥ A
})⊆ Ker(Inid( J )⊥). (4.11)
It can be seen from (4.9)–(4.11) and the linear independence of the elements of Inid( J )⊥ and
Ker(Inid( J )⊥) that
{c1 c1 c1} = 0.
Therefore, since A is anisotropic, c1 is equal to 0. It follows from (4.8) that b1 lies in J . Moreover,
by (4.7), b0 coincides with c2 and hence, b0 lies in J . It can be seen from (4.6) that a is a member of
J ∩ Inid( J )1 ⊕ J ∩ Inid( J )⊥ . Therefore,
J = J ∩ Inid( J )1 ⊕ J ∩ Inid( J )⊥,
as required. 
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J1 = J1 ∩ Inid( J ) ⊕ J1 ∩ Inid( J )1 ⊕ J1 ∩ Inid( J )⊥.
Proof. Let a be an element of J1. By (1.1), there exist elements b of Inid( J ), c of Inid( J )1, and d of
Inid( J )⊥ such that
a = b + c + d. (4.12)
It follows from Lemma 4.4 that there exist elements b1 of Inid( J ) ∩ J1, b0 of J⊥ , d2 of Inid( J )⊥ ∩ J ,
and d1 of Inid( J )⊥ ∩ J1 such that
b = b1 + b0, d = d2 + d1. (4.13)
Recall from Lemma 4.1 that J⊥ is contained in Inid( J ). It follows from the order-reversing property
of the kernel, (1.2), and (1.3) that
Inid( J )1 ⊆ Ker
(
Inid( J )
)⊆ Ker( J⊥)= J ⊕ J1.
Hence, there exist elements c2 of J and c1 of J1 such that
c = c2 + c1. (4.14)
Since a, b1, c1, and d1 lie in J1, it can be seen from (4.12)–(4.14) that
b0 + c2 + d2 = a − b1 − c1 − d1 ∈ J1. (4.15)
Observe that c2 + d2 lies in J and b0 lies in J⊥ . Therefore, b0 is orthogonal to c2 + d2 and hence,
by (1.6) and (4.15),
{
(c2 + d2) (c2 + d2) (c2 + d2)
}= {(c2 + d2) (b0 + c2 + d2) (c2 + d2)
} ∈ { J J1 J } = {0}.
Since A is anisotropic, it follows that
c2 + d2 = 0. (4.16)
Hence, by (4.15), b0 lies in J . Therefore,
b0 ∈ J ∩ J⊥ = {0}.
Notice that, by (1.6),
{c2 c1 c2} ∈ { J J1 J } = {0}. (4.17)
Observe that, by (4.16), c2 coincides with −d2 and hence, c2 lies in Inid( J )⊥ . Consequently, by (1.6),
(4.14), and (4.17),
{c2 c2 c2} = {c2 c2 c2} + {c2 c1 c2} = {c2 c c2}
∈ {Inid( J )⊥ Inid( J )1 Inid( J )⊥
}= {0}. (4.18)
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b0 is equal to 0, it follows from (4.13) and (4.14) that b, c, and d lie in J1. Hence, by (4.12), a is
a member of J1 ∩ Inid( J ) ⊕ J1 ∩ Inid( J )1 ⊕ J1 ∩ Inid( J )⊥ . Therefore,
J1 = J1 ∩ Inid( J ) ⊕ J1 ∩ Inid( J )1 ⊕ J1 ∩ Inid( J )⊥,
as required. 
Using the previous three lemmas, it is now possible to prove the ﬁrst main result of this sec-
tion.
Theorem 4.7. Let A be a JBW∗-triple and let J be a weak∗-closed inner ideal in A with associated inner
ideal Inid( J ). Then J and Inid( J ) form a compatible pair of weak∗-closed inner ideals in A.
Proof. It can be seen from Lemmas 4.4–4.6 that the intersection table for the pair ( J , Inid( J )) is as
follows.
∩ Inid( J ) Inid( J )1 Inid( J )⊥
J {0} J ∩ Inid( J )1 J ∩ Inid( J )⊥
J1 J1 ∩ Inid( J ) J1 ∩ Inid( J )1 J1 ∩ Inid( J )⊥
J⊥ J⊥ J⊥ ∩ Inid( J )1 {0}
Furthermore, since, by (1.1), A coincides with J ⊕ J1 ⊕ J⊥ , it is clear from Lemmas 4.4–4.6 that
A =
⊕
i, j=0,1,2
J i ∩ Inid( J ) j,
and hence, by (1.7), ( J , Inid( J )) is a compatible pair of weak∗-closed inner ideals in A. 
In order to identify the inner ideal Inid( J ) associated with a weak∗-closed inner ideal J in a
JBW∗-triple A, the next lemma proves a crucial equation.
Lemma 4.8. Let A be a JBW∗-triple and let J be a weak∗-closed inner ideal in A with annihilator J⊥ , Peirce-
one space J1 , and associated inner ideal Inid( J ). Then the following holds:
{(
J ⊕M J⊥
)
Inid( J ) ∩ J1
(
J ⊕M J⊥
)}= {0}.
Proof. Notice that, by (1.5) and (3.2),
{
J Inid( J ) ∩ J1 J⊥
}⊆ { J Inid( J ) A}∩ { J J1 J⊥
}⊆ J ∩ J1 = {0}. (4.19)
Therefore, it follows from (1.6) and (4.19) that
{(
J ⊕M J⊥
)
Inid( J ) ∩ J1
(
J ⊕M J⊥
)}⊆ { J Inid( J ) ∩ J1 J
}+ { J Inid( J ) ∩ J1 J⊥
}
+ { J⊥ Inid( J ) ∩ J1 J
}+ { J⊥ Inid( J ) ∩ J1 J⊥
}
⊆ { J J1 J } + {0} + {0} +
{
J⊥ J1 J⊥
}
⊆ {0} + {0} + {0} + {0} = {0},
as required. 
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Lemma 4.9. Let A be a vector space and let L, M, and N be subspaces of A such that
L ∩ M = {0}, L ∩ N = {0}, M ⊆ N.
If the sum L ⊕ M coincides with the sum L ⊕ N, then M is equal to N.
It is now possible to prove the following important lemma.
Lemma 4.10. Let A be a JBW∗-triple and let J be a weak∗-closed inner ideal in A with annihilator J⊥ and
bi-annihilator J⊥⊥ . Then the inner ideal Inid( J ) in A associated with J is given by
Inid( J ) = J⊥⊥ ∩ Inid( J ) ⊕M J⊥.
Proof. Recall from Lemma 4.1 that
J⊥ ⊆ Inid( J ) ⊆ Ker( J ). (4.20)
Let C denote the space J ⊕ Inid( J ). It follows from Corollary 4.2 that C is a weak∗-closed subtriple
of A. Therefore, C is a JBW∗-triple. Furthermore, it is clear that J is a weak∗-closed inner ideal in C .
Since J is contained in J⊥⊥ and, by (4.20), J⊥ is contained in C , it follows from Lemma 4.3 that the
annihilator J⊥C and bi-annihilator J⊥C⊥C of J in C are given by
J⊥C = J⊥ ∩ C = J⊥, (4.21)
J⊥C⊥C = ( J⊥C )⊥C = ( J⊥)⊥C = J⊥⊥ ∩ C
= J⊥⊥ ∩ ( J ⊕ Inid( J ))= J ⊕ J⊥⊥ ∩ Inid( J ). (4.22)
Recall from Lemma 4.4 that
Inid( J ) = J1 ∩ Inid( J ) ⊕ J⊥.
Therefore, by Lemma 4.8 and (4.21),
{(
J ⊕M J⊥C
)
C
(
J ⊕M J⊥C
)}= {( J ⊕M J⊥
) (
J ⊕ Inid( J )) ( J ⊕M J⊥
)}
= {( J ⊕M J⊥
) (
J ⊕ Inid( J ) ∩ J1 ⊕ J⊥
) (
J ⊕M J⊥
)}
⊆ {( J ⊕M J⊥
) (
J ⊕M J⊥
) (
J ⊕M J⊥
)}
+ {( J ⊕M J⊥
)
Inid( J ) ∩ J1
(
J ⊕M J⊥
)}
⊆ J ⊕M J⊥ ⊕ {0} = J ⊕M J⊥C .
Consequently, J ⊕M J⊥C is a weak∗-closed inner ideal in the JBW∗-triple C . It follows that J⊥C is a
weak∗-closed ideal in C . This implies that, by (4.21) and (4.22),
C = J⊥C⊥C ⊕M J⊥C = J ⊕ J⊥⊥ ∩ Inid( J ) ⊕M J⊥
and hence,
J ⊕ Inid( J ) = J ⊕ J⊥⊥ ∩ Inid( J ) ⊕M J⊥. (4.23)
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Inid( J ) = J⊥⊥ ∩ Inid( J ) ⊕M J⊥,
as required. 
The next result is concerned with properties of orthogonal weak∗-closed inner ideals in a JBW∗-
triple.
Lemma 4.11. Let A be a JBW∗-triple and let J and K be two orthogonal weak∗-closed inner ideals in A with
central hulls c( J ) and c(K ), respectively. Suppose that J ⊕M K is a weak∗-closed inner ideal in A. Then
c( J ) ⊆ c(K )⊥.
Proof. Since J ⊕M K is an inner ideal in A,
{ J A K } ⊆ {( J ⊕M K ) A ( J ⊕M K )
}⊆ J ⊕M K .
But, since K is contained in J⊥ ,
{ J A K } ⊆ { J J K } + { J J1 K } +
{
J J⊥ K
}
⊆ { J J J⊥}+ { J J1 J⊥
}+ {0}
⊆ {0} ⊕ J1 = J1.
Therefore,
{ J A K } ⊆ ( J ⊕M K ) ∩ J1 ⊆
(
J ⊕M J⊥
)∩ J1 = {0}.
It follows from [13, Corollary 3.4] that c( J ) is orthogonal to c(K ). Consequently,
c( J ) ⊆ c(K )⊥,
as required. 
It is now possible to state and prove the second main result of this section.
Theorem 4.12. Let A be a JBW∗-triple, let J be a weak∗-closed inner ideal in A with annihilator J⊥ , bi-
annihilator J⊥⊥ , and associated inner ideal Inid( J ), and let k( J⊥⊥) be the central kernel of J⊥⊥ . Then Inid( J )
is given by
Inid( J ) = Inid( J ) ∩ k( J⊥⊥)⊕M J⊥.
Proof. Recall from Lemma 4.10 that the weak∗-closed inner ideal Inid( J ) in A is given by
Inid( J ) = J⊥⊥ ∩ Inid( J ) ⊕M J⊥, (4.24)
the sum of two orthogonal weak∗-closed inner ideals in A. It follows from Lemma 4.11 that
c
(
J⊥⊥ ∩ Inid( J ))⊆ c( J⊥)⊥.
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J⊥⊥ ∩ Inid( J ) ⊆ c( J⊥⊥ ∩ Inid( J ))⊆ c( J⊥)⊥ = k( J⊥⊥).
Therefore, since k( J⊥⊥) is contained in J⊥⊥ ,
J⊥⊥ ∩ Inid( J ) = J⊥⊥ ∩ Inid( J ) ∩ k( J⊥⊥)= Inid( J ) ∩ k( J⊥⊥). (4.25)
Finally, by (4.24) and (4.25),
Inid( J ) = J⊥⊥ ∩ Inid( J ) ⊕M J⊥ = Inid( J ) ∩ k
(
J⊥⊥
)⊕M J⊥,
as required. 
The above theorem has the following immediate consequence.
Corollary 4.13. Let A be a JBW∗-triple, let J be a weak∗-closed inner ideal in A with bi-annihilator J⊥⊥ , and
let k( J ) and k( J⊥⊥) be the central kernels of J and J⊥⊥ , respectively. If k( J⊥⊥) coincides with k( J ), then
Inid( J ) = J⊥.
In the special case in which J is the annihilator of a subset of a JBW∗-triple A, the inner ideal
Inid( J ) in A associated with J has a familiar form. This includes the case where J is a weak∗-closed
ideal in A.
Corollary 4.14. Let A be a JBW∗-triple and let J be a weak∗-closed inner ideal in A. If there exists a subset M
of A such that J coincides with M⊥ , then
Inid( J ) = J⊥.
5. Peirce inner ideals
By employing the full force of the previous investigations and results, the inner ideal Inid( J ) asso-
ciated with a Peirce inner ideal J in a JBW∗-triple A will be analysed. An identiﬁcation of Inid( J ) in
terms of the annihilator J⊥ of J , corresponding Peirce-one space J1, and the central kernel k( J⊥⊥)
of the bi-annihilator J⊥⊥ of J is obtained, Inid( J ) is shown to be a Peirce inner ideal in A, and it is
demonstrated that the inner ideal Inid(Inid( J )) in A associated with Inid( J ) coincides with J .
Before moving on, the following result, the proof of which is an obvious adaptation of [14,
Lemma 3.12], is necessary.
Lemma 5.1. Let A be a JBW∗-triple, let I be a weak∗-closed ideal in A with annihilator I⊥ and let L be a
weak∗-closed subspace of A with annihilator L⊥ such that
L = L ∩ I ⊕M L ∩ I⊥.
Then the following holds:
(L ∩ I)⊥ ∩ I = L⊥ ∩ I.
It is now possible to identify the inner ideal Inid( J ) associated with a Peirce inner ideal J in a
JBW∗-triple A and its annihilator Inid( J )⊥ .
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corresponding Peirce-one space J1 , and associated inner ideal Inid( J ), let Inid( J )⊥ be the annihilator of
Inid( J ), let k( J ) be the central kernel of J , let k( J⊥⊥) be the central kernel of J⊥⊥ , and let c( J⊥) be the
central hull of J⊥ . Then the spaces Inid( J ) and Inid( J )⊥ are given by
Inid( J ) = J1 ∩ k
(
J⊥⊥
)⊕M J⊥, Inid( J )⊥ = k( J ) ⊕M J ∩ c
(
J⊥
)
.
Proof. Recall from Lemma 4.1 that
Inid( J ) ⊆ Ker( J ). (5.1)
Observe that, since k( J⊥⊥) is contained in J⊥⊥ ,
k
(
J⊥⊥
)⊆ J⊥⊥ ⊆ Ker( J⊥). (5.2)
Therefore, by (5.1) and (5.2),
Inid( J ) ∩ k( J⊥⊥)⊆ Ker( J ) ∩ k( J⊥⊥)∩ Ker( J⊥)= J1 ∩ k
(
J⊥⊥
)
. (5.3)
Notice that, by the properties of ideals in A and (1.5),
{
J1 ∩ k
(
J⊥⊥
)
J J1 ∩ k
(
J⊥⊥
)}⊆ { J1 J J1} ∩ k
(
J⊥⊥
)⊆ J⊥ ∩ J⊥⊥ = {0}. (5.4)
Moreover, by (1.1), (1.5), and (1.6),
{
J J1 ∩ k
(
J⊥⊥
)
A
}= { J J1 ∩ k
(
J⊥⊥
) (
J ⊕ J1 ⊕ J⊥
)}
⊆ { J J1 ∩ k
(
J⊥⊥
)
J
}+ { J J1 ∩ k
(
J⊥⊥
)
J1
}+ { J J1 ∩ k
(
J⊥⊥
)
J⊥
}
⊆ { J J1 J } + { J J1 J1} +
{
J J⊥⊥ J⊥
}
⊆ {0} + J + {0} = J . (5.5)
Consequently, by (5.4) and (5.5),
J1 ∩ k
(
J⊥⊥
)⊆ Inid( J ). (5.6)
It follows from (5.3) and (5.6) that
Inid( J ) ∩ k( J⊥⊥)= J1 ∩ k
(
J⊥⊥
)
(5.7)
and hence, by Theorem 4.12,
Inid( J ) = Inid( J ) ∩ k( J⊥⊥)⊕M J⊥ = J1 ∩ k
(
J⊥⊥
)⊕M J⊥. (5.8)
Observe that, since the annihilator is order-reversing and c( J⊥) coincides with k( J⊥⊥)⊥ ,
c
(
J⊥
)= k( J⊥⊥)⊥ ⊆ ( J1 ∩ k
(
J⊥⊥
))⊥
. (5.9)
Since J is a weak∗-closed inner ideal in A, it is compatible with the weak∗-closed ideal k( J⊥⊥) in A.
Hence,
J1 = J1 ∩ k
(
J⊥⊥
)⊕M J1 ∩ k
(
J⊥⊥
)⊥
.
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(
J1 ∩ k
(
J⊥⊥
))⊥ ∩ k( J⊥⊥)= ( J1)⊥ ∩ k
(
J⊥⊥
)
= (k( J) ⊕M k
(
J⊥
))∩ k( J⊥⊥)
= k( J ) ⊕ k( J⊥)∩ k( J⊥⊥)
= k( J ) ⊕ {0} = k( J ). (5.10)
Furthermore, ( J1 ∩ k( J⊥⊥))⊥ is a weak∗-closed inner ideal in A and hence, it is compatible with the
weak∗-closed ideal k( J⊥⊥) in A. It follows from (5.9) and (5.10) that
(
J1 ∩ k
(
J⊥⊥
))⊥ = ( J1 ∩ k
(
J⊥⊥
))⊥ ∩ k( J⊥⊥)⊕M
(
J1 ∩ k
(
J⊥⊥
))⊥ ∩ c( J⊥)
= k( J) ⊕M c
(
J⊥
)
. (5.11)
Since k( J ) is contained in J⊥⊥ , it can be seen from basic properties of the annihilator, (1.9),
Lemma 4.3, (5.8), and (5.11) that
Inid( J )⊥ = ( J1 ∩ k
(
J⊥⊥
)⊕M J⊥
)⊥ = ( J1 ∩ k
(
J⊥⊥
))⊥ ∩ J⊥⊥
= (k( J ) ⊕M c
(
J⊥
))∩ J⊥⊥ = k( J) ⊕M J⊥⊥ ∩ c
(
J⊥
)
= k( J ) ⊕M J ∩ c
(
J⊥
)
,
as required. 
The ﬁrst main result of this section identiﬁes the Peirce spaces and Peirce projections correspond-
ing to the inner ideal Inid( J ) associated with a Peirce inner ideal J in a JBW∗-triple A and establishes
that Inid( J ) is a Peirce inner ideal in A.
Theorem5.3. Let A be a JBW∗-triple, let J be a Peirce inner ideal in A with annihilator J⊥ , bi-annihilator J⊥⊥ ,
corresponding Peirce-one space J1 , and associated inner ideal Inid( J ), let k( J ) be the central kernel of J ,
let k( J⊥⊥) be the central kernel of J⊥⊥ , let c( J⊥) be the central hull of J⊥ , and let P2( J ), P1( J ),
P0( J ), P2(Inid( J )), P1(Inid( J )), P0(Inid( J )), P2(k( J )), P0(k( J )), P2(c( J⊥)), and P0(c( J⊥)) denote the
Peirce projections on A corresponding to the Peirce inner ideal J in A, the weak∗-closed inner ideal
Inid( J ) in A, and the weak∗-closed ideals k( J ) and c( J⊥) in A, respectively. Then the following results
hold.
(i) The Peirce spaces of A corresponding to Inid( J ) are given by
Inid( J )2 = J1 ∩ k
(
J⊥⊥
)⊕M J⊥,
Inid( J )1 = J ∩ k( J )⊥ ∩ k
(
J⊥⊥
)⊕M J1 ∩ c
(
J⊥
)
,
Inid( J )0 = k( J ) ⊕M J ∩ c
(
J⊥
)
.
(ii) The Peirce projections on A corresponding to Inid( J ) are given by
P2
(
Inid( J )
)= P1( J )P0
(
c
(
J⊥
))+ P0( J ),
P1
(
Inid( J )
)= P2( J )P0
(
k( J )
)
P0
(
c
(
J⊥
))+ P1( J )P2
(
c
(
J⊥
))
,
P0
(
Inid( J )
)= P2
(
k( J)
)+ P2( J )P2
(
c
(
J⊥
))
.
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(iv) The bi-annihilator of Inid( J ) is given by
Inid( J )⊥⊥ = k( J)⊥ ∩ k( J⊥⊥)⊕M J⊥.
Proof. Recall from Lemma 5.2 that
Inid( J ) = J1 ∩ k
(
J⊥⊥
)⊕M J⊥, Inid( J )⊥ = k( J ) ⊕M J ∩ c
(
J⊥
)
. (5.12)
Notice that, by the properties of ideals in A and (1.5),
{
J1 ∩ k
(
J⊥⊥
)
J J1 ∩ k
(
J⊥⊥
)}⊆ { J1 J J1} ∩ k
(
J⊥⊥
)⊆ J⊥ ∩ J⊥⊥ = {0},
{
J1 ∩ k
(
J⊥⊥
)
J1 J1 ∩ k
(
J⊥⊥
)}⊆ { J1 J1 J1} ∩ k
(
J⊥⊥
)⊆ J1 ∩ k
(
J⊥⊥
)
,
{
J1 ∩ k
(
J⊥⊥
)
J⊥ J1 ∩ k
(
J⊥⊥
)}⊆ { J⊥⊥ J⊥ J⊥⊥}= {0}.
Since, by (1.1), A coincides with J ⊕ J1 ⊕ J⊥ , it follows that J1 ∩k( J⊥⊥) is a weak∗-closed inner ideal
in A. Moreover, since the projections P1( J ) and P0(c( J⊥)) on A commute, it is clear that the mapping
P1( J )P0(c( J⊥)) on A is the structural projection onto J1 ∩ k( J⊥⊥). Recall that P0( J ) is the structural
projection onto J⊥ . Notice that the central hulls c( J1 ∩ k( J⊥⊥)) and c( J⊥) of J1 ∩ k( J⊥⊥) and J⊥ ,
respectively, are orthogonal. Therefore, the mapping P1( J )P0(c( J⊥)) + P0( J ) on A is a structural
projection onto J1 ∩ k( J⊥⊥) ⊕M J⊥ and it follows that
P2
(
Inid( J )
)= P1( J )P0
(
c
(
J⊥
))+ P0( J ). (5.13)
Similarly, it can be seen that
P0
(
Inid( J )
)= P2
(
k( J)
)+ P2( J )P2
(
c
(
J⊥
))
. (5.14)
Observe that
P2
(
k( J )
)+ P0
(
k( J)
)= idA, P2
(
c
(
J⊥
))+ P0
(
c
(
J⊥
))= idA,
P2( J ) + P1( J ) + P0( J ) = idA .
Consequently,
P2
(
k( J)
)+ P2( J )P0
(
k( J )
)
P0
(
c
(
J⊥
))+ P1( J )P0
(
c
(
J⊥
))
+ P2( J )P2
(
c
(
J⊥
))+ P1( J )P2
(
c
(
J⊥
))+ P0( J ) = idA . (5.15)
Therefore, by (5.13)–(5.15),
P1
(
Inid( J )
)= idA − P2
(
Inid( J )
)− P0
(
Inid( J )
)
= P2( J )P0
(
k( J)
)
P0
(
c
(
J⊥
))+ P1( J )P2
(
c
(
J⊥
))
.
It can now be seen that the image Inid( J )1 of P1(Inid( J )) is given by
Inid( J )1 = J ∩ k( J)⊥ ∩ k
(
J⊥⊥
)⊕M J1 ∩ c
(
J⊥
)
.
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of P2( J )P0(k( J ))P0(c( J⊥)) and P1( J )P2(c( J⊥)), two contractive projections on A. Consequently,
P1(Inid( J )) is a contractive projection on A and it follows that Inid( J ) is a Peirce inner ideal in A.
Observe that, by the order-reversing property of the annihilator,
k
(
J⊥⊥
)= c( J⊥)⊥ ⊆ ( J ∩ c( J⊥))⊥. (5.16)
Since J⊥ is contained in c( J⊥), it follows from [14, Lemma 3.12] that
(
J ∩ c( J⊥))⊥ ∩ c( J⊥)= J⊥ ∩ c( J⊥)= J⊥. (5.17)
Furthermore, ( J ∩ c( J⊥))⊥ is a weak∗-closed inner ideal in A and hence it is compatible with the
weak∗-closed ideal c( J⊥) in A. Therefore, by (5.16) and (5.17),
(
J ∩ c( J⊥))⊥ = ( J ∩ c( J⊥))⊥ ∩ c( J⊥)⊥ ⊕M
(
J ∩ c( J⊥))⊥ ∩ c( J⊥)
= k( J⊥⊥)⊕M J⊥. (5.18)
Recall that the central kernel k( J ) of J is contained in J . Therefore, by the order-reversing property
of the annihilator, J⊥ is contained in k( J )⊥ . Consequently, by Lemma 4.3, (5.18), and (i),
Inid( J )⊥⊥ = (k( J ) ⊕M J ∩ c
(
J⊥
))⊥ = k( J)⊥ ∩ ( J ∩ c( J⊥))⊥
= k( J )⊥ ∩ (k( J⊥⊥)⊕M J⊥
)= k( J)⊥ ∩ k( J⊥⊥)⊕M J⊥,
as required. 
As an important consequence of the above theorem, the next result gives a new identiﬁcation of
those Peirce inner ideals in a JBW∗-triple A, for which the annihilator is an ideal in A.
Theorem 5.4. Let A be a JBW∗-triple and let J be a weak∗-closed inner ideal in A with annihilator J⊥ , ker-
nel Ker( J ), and associated inner ideal Inid( J ). If J⊥ is an ideal in A, then Inid( J ) coincides with Ker( J ) if and
only if J is a Peirce inner ideal in A.
Proof. Suppose that J is a Peirce inner ideal in A. Since J⊥ is an ideal in A and J1 is contained
in c( J⊥⊥), it can be seen that J1 is contained in J⊥⊥ . It follows from (1.3) and Theorem 5.3(i) that
Inid( J ) = J1 ⊕ J⊥ = Ker( J ).
Conversely, suppose that Inid( J ) coincides with Ker( J ). Since J⊥ is an ideal in A, it follows that its
kernel Ker( J⊥) coincides with the second annihilator J⊥⊥ of J . Therefore, by (1.2),
J1 = Ker( J ) ∩ Ker
(
J⊥
)= Inid( J ) ∩ J⊥⊥. (5.19)
Consequently, J1 is a weak∗-closed inner ideal in A and, in particular, a subtriple of A. Moreover,
since J1 is contained in J⊥⊥ ,
{
J⊥ J1 A
}= { J1 J⊥ A
}= {0}. (5.20)
In order to prove that J is a Peirce inner ideal in A, it remains to show that { J J1 J1} is contained
in J and { J1 J J1} is contained in J⊥ . Observe that, by (3.2) and (5.19),
{ J J1 J1} ⊆
{
J Inid( J ) A
}⊆ J (5.21)
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{ J1 J J1} ⊆
{
Inid( J ) J Inid( J )
}= {0}. (5.22)
Therefore, since J1 is a weak∗-closed subtriple of A, it follows from (5.20)–(5.22) that J is a Peirce
inner ideal in A, as required. 
Theorem 5.3 also leads to the following remarkable conclusion.
Theorem 5.5. Let A be a JBW∗-triple, let J be a Peirce inner ideal in A with associated inner ideal Inid( J ), and
let Inid(Inid( J )) be the inner ideal in A associated with Inid( J ). Then
Inid
(
Inid( J )
)= J .
Proof. Observe that, by (1.9), for any Peirce inner ideal K in A, K⊥⊥ ∩ K1 is equal to K1 ∩ k(K⊥⊥).
Since, by Theorem 5.3(iii), Inid( J ) is a Peirce inner ideal in A, it follows from Theorem 5.3(i) and (iv)
that
Inid( J )1 ∩ k
(
Inid( J )⊥⊥
)
= Inid( J )⊥⊥ ∩ Inid( J )1
= (k( J )⊥ ∩ k( J⊥⊥)⊕ J⊥)∩ ( J ∩ k( J)⊥ ∩ k( J⊥⊥)⊕ J1 ∩ c
(
J⊥
))
. (5.23)
Notice that k( J⊥⊥) ∩ c( J⊥) is equal to {0}. Since the projections P0(k( J )), P2(c( J⊥)), and P0(c( J⊥))
are central structural projections on A, the projections P2( J ), P1( J ), P0( J ), P0(k( J )), P2(c( J⊥)), and
P0(c( J⊥)) on A form a commutative family and it follows that
(
k( J )⊥ ∩ k( J⊥⊥)⊕ J⊥)∩ ( J ∩ k( J )⊥ ∩ k( J⊥⊥)⊕ J1 ∩ c
(
J⊥
))
= k( J)⊥ ∩ k( J⊥⊥)∩ J ∩ k( J )⊥ ∩ k( J⊥⊥)⊕ k( J)⊥ ∩ k( J⊥⊥)∩ J1 ∩ c
(
J⊥
)
⊕ J⊥ ∩ J ∩ k( J )⊥ ∩ k( J⊥⊥)⊕ J⊥ ∩ J1 ∩ c
(
J⊥
)
= J ∩ k( J)⊥ ∩ k( J⊥⊥)⊕ {0} ⊕ {0} ⊕ {0} = J ∩ k( J)⊥ ∩ k( J⊥⊥). (5.24)
Recall that k( J ) is contained in both J and k( J⊥⊥). Since k( J ) is contained in J , J⊥ is contained
in k( J )⊥ and, by minimality, it follows that c( J⊥) is contained in k( J )⊥ . Hence,
k( J ) ∩ c( J⊥)⊆ k( J) ∩ k( J)⊥ = {0}.
Moreover the projection P2(k( J )) on A is also a central structural projection. Therefore, the pro-
jections P2( J ), P2(k( J )), P0(k( J )), P2(c( J⊥)), and P0(c( J⊥)) on A form a commutative family.
Consequently, since c( J⊥)⊥ coincides with k( J⊥⊥),
J = J ∩ k( J ) ∩ c( J⊥)⊕ J ∩ k( J) ∩ k( J⊥⊥)⊕ J ∩ k( J)⊥ ∩ c( J⊥)⊕ J ∩ k( J)⊥ ∩ k( J⊥⊥)
= {0} ⊕ k( J) ⊕ J ∩ c( J⊥)⊕ J ∩ k( J )⊥ ∩ k( J⊥⊥). (5.25)
Since Inid( J ) is a Peirce inner ideal in A, it can be seen from Theorem 5.3(i) and (5.23)–(5.25) that
Inid
(
Inid( J )
)= k(Inid( J )⊥⊥)∩ Inid( J )1 ⊕ Inid( J )⊥
= ( J ∩ k( J )⊥ ∩ k( J⊥⊥))⊕ (k( J ) ⊕ J ∩ c( J⊥))= J ,
as required. 
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In this section, the results of the previous sections are applied to rectangular JBW∗-triples and spin
triples and the inner ideal Inid( J ) associated with any weak∗-closed inner ideal J is identiﬁed. The
Inid operation is also completely identiﬁed in the case of spin triples.
Let C be a W∗-algebra. With respect to the Jordan triple product deﬁned, for elements a, b and c
in C , by
{a b c} = 1
2
(
ab∗c + cb∗a),
C is a JBW∗-triple.
Self-adjoint idempotents in C are said to be projections. Let P(C) be the complete orthomodu-
lar lattice of projections in C and let Z(C) be the commutative W∗-algebra which is the algebraic
centre of C . Then P(Z(C)) coincides with the complete Boolean lattice that is the orthomodular
lattice centre Z P(C) of P(C). For each element e in P(C), the central support c(e) of e is deﬁned
by
c(e) =
∧{
z ∈ Z P(C): e  z}.
A pair (e, f ) of elements of P(C) is said to be centrally equivalent if c(e) and c( f ) coincide. The com-
mon central support is denoted by c(e, f ) and the set of centrally equivalent pairs of P(C) is denoted
by CP(C). The results of [17] show that the mapping (e, f ) → eC f is an order isomorphism from
CP(C) onto I(C).
A JBW∗-triple A is said to be rectangular if there exists a W∗-algebra C and an element (p,q) of
CP(C) such that A is isomorphic to the JBW∗-triple pCq. In what follows the rectangular JBW∗-triples
A and pCq will be identiﬁed. For elements (e1, f1) and (e2, f2) of CP(C), deﬁne a relation on CP(C)
by
(e1, f1) (e2, f2)
if and only if e1e2 and e2e1 are equal to e1 and f1 f2 and f2 f1 are equal to f1. Let CP(C)(p,q) denote
the principal order ideal in CP(C) consisting of elements (e, f ) such that
(e, f ) (p,q).
Then the mapping (e, f ) → eA f is an order isomorphism from CP(C)(p,q) onto the complete lat-
tice I(A) of weak∗-closed inner ideals in A. Therefore, there exists a corresponding order isomor-
phism from CP(C)(p,q) onto the complete lattice of structural projections S(A) on A.
The mapping z → pz is a ∗-isomorphism from the commutative W∗-algebra c(p,q)Z(C) onto the
centre Z(pCp) of the hereditary sub-W∗-algebra pCp of C . It follows that the same mapping de-
termines an order isomorphism from the complete Boolean lattice Z P(C)c(p,q) onto Z P(pCp) or,
equivalently, Z(P(C)p). In order to simplify notation, for e in the principal order ideal P(C)p of P(C),
let
cp(e) =
∧{
zp: z ∈ Z P(C)c(p,q), e  z
}
.
It is clear that cp(e) coincides with c(e)p.
For each element (e, f ) in CP(C)(p,q) and each element z in Z P(C)c(p,q) , write
e′p = p − e, f ′q = q − f , z′c(p,q) = c(p,q) − z.
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idempotents (e, f ) in A such that the generalised Peirce decomposition of A corresponding to J is
given by
J = J2 ⊕ J1 ⊕ J0,
where
J2 = eA f , J0 = c
(
f ′q
)
e′p Ac
(
e′p
)
f ′q , (6.1)
and
J1 = c
(
f ′q
)
eAc(e, f ) f ′q ⊕M c(e, f )e′p Ac
(
e′p
)
f . (6.2)
Furthermore, every weak∗-closed inner ideal J is a Peirce inner ideal. For details, the reader is referred
to [37–39].
Before moving on, the following result is necessary.
Lemma 6.1. Let C be a W∗-algebra, let (p,q) be an element of the complete lattice CP(C) of pairs of centrally
equivalent projections in C , and let A be the rectangular JBW∗-triple pCq. Let (e, f ) be a pair of centrally
equivalent idempotents in A, let J be the weak∗-closed inner ideal eA f in A with annihilator J⊥ and bi-
annihilator J⊥⊥ , let k( J ) and k( J⊥⊥) be the central kernels of J and J⊥⊥ , respectively, and let c( J⊥) be the
central hull of J⊥ . The following results hold.
(i) k( J ) = c(e′p )′c(p,q)c( f ′q )′c(p,q) A.
(ii) k( J⊥⊥) = (c(e′p )′c(p,q) ∨ c( f ′q )′c(p,q) )A.
(iii) c( J⊥) = c(e′p )c( f ′q )A.
(iv) k( J )⊥ ∩ k( J⊥⊥) = (c(e′p )c( f ′q )′c(p,q) + c(e′p )′c(p,q)c( f ′q ))A.
Proof. The proof of (i)–(iii) can be found in [23, Theorem 4.1]. Observe that
k( J )⊥ = (c(e′p )′c(p,q)c( f ′q)′c(p,q))′c(p,q) A
= (c(p,q) − c(e′p )′c(p,q)c( f ′q)′c(p,q))A,
k
(
J⊥⊥
)= (c(e′p )′c(p,q) ∨ c( f ′q)′c(p,q))A
= (c(e′p )′c(p,q) + c( f ′q)′c(p,q) − c(e′p )′c(p,q)c( f ′q)′c(p,q))A.
It follows that
k( J)⊥ ∩ k( J⊥⊥)= (c(e′p )′c(p,q)c( f ′q)′c(p,q))′c(p,q)(c(e′p )′c(p,q) ∨ c( f ′q)′c(p,q))A
= (c(e′p )c( f ′q)′c(p,q) + c(e′p )′c(p,q)c( f ′q))A,
as required. 
When applied to this example, the results of the previous sections lead to the following theorem.
Theorem6.2. Let C be aW∗-algebra, let (p,q) be an element of the complete lattice CP(C) of pairs of centrally
equivalent projections in C , and let A be the rectangular JBW∗-triple pCq. Let (e, f ) be a pair of centrally
equivalent idempotents in A, let J be the weak∗-closed inner ideal eA f in A, and let Inid( J ) be the inner ideal
in A associated with J . Then the following results hold.
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Inid( J )2 = c
(
f ′q
)′c(p,q)e′p A ⊕M Ac
(
e′p
)′c(p,q) f ′q ⊕M c
(
f ′q
)
e′p Ac
(
e′p
)
f ′q ,
Inid( J )1 = c
(
e′p
)
c
(
f ′q
)′c(p,q)eA ⊕M Ac
(
e′p
)′c(p,q)c
(
f ′q
)
f
⊕M c
(
e′p
)
c
(
f ′q
)
eAc(e, f )c
(
e′p
)
f ′q ⊕M c(e, f )c
(
f ′q
)
e′p Ac
(
e′p
)
c
(
f ′q
)
f ,
Inid( J )0 = c
(
e′p
)′c(p,q)c
(
f ′q
)′c(p,q) A ⊕M c
(
e′p
)
c
(
f ′q
)
eAc
(
e′p
)
c
(
f ′q
)
f .
(ii) The bi-annihilator of Inid( J ) is given by
Inid( J )⊥⊥ = c(e′p )c( f ′q)′c(p,q) A ⊕M c
(
e′p
)′c(p,q)c
(
f ′q
)
A ⊕M c
(
f ′q
)
e′p Ac
(
e′p
)
f ′q .
Proof. It follows from Lemma 6.1, (6.1), and (6.2) that
J ∩ k( J )⊥ ∩ k( J⊥⊥)= c(e′p )c( f ′q)′c(p,q)eA ⊕M Ac
(
e′p
)′c(p,q)c
(
f ′q
)
f , (6.3)
J ∩ c( J⊥)= c(e′p )c( f ′q)eAc(e′p )c( f ′q) f , (6.4)
J1 ∩ k
(
J⊥⊥
)= c( f ′q)′c(p,q)e′p A ⊕M Ac
(
e′p
)′c(p,q) f ′q , (6.5)
J1 ∩ c
(
J⊥
)= c(e′p )c( f ′q)eAc(e, f )c(e′p ) f ′q ⊕M c(e, f )c
(
f ′q
)
e′p Ac
(
e′p
)
c
(
f ′q
)
f . (6.6)
Therefore, by Theorem 5.3(i), Lemma 6.1, and (6.1)–(6.6),
Inid( J )2 = c
(
f ′q
)′c(p,q)e′p A ⊕M Ac
(
e′p
)′c(p,q) f ′q ⊕M c
(
f ′q
)
e′p Ac
(
e′p
)
f ′q ,
Inid( J )1 = c
(
e′p
)
c
(
f ′q
)′c(p,q)eA ⊕M Ac
(
e′p
)′c(p,q)c
(
f ′q
)
f
⊕M c
(
e′p
)
c
(
f ′q
)
eAc(e, f )c
(
e′p
)
f ′q ⊕M c(e, f )c
(
f ′q
)
e′p Ac
(
e′p
)
c
(
f ′q
)
f ,
Inid( J )0 = c
(
e′p
)′c(p,q)c
(
f ′q
)′c(p,q) A ⊕M c
(
e′p
)
c
(
f ′q
)
eAc
(
e′p
)
c
(
f ′q
)
f .
Furthermore, by Theorem 5.3(iv), Lemma 6.1(iv), and (6.1),
Inid( J )⊥⊥ = c(e′p )c( f ′q)′c(p,q) A ⊕M c
(
e′p
)′c(p,q)c
(
f ′q
)
A ⊕M c
(
f ′q
)
e′p Ac
(
e′p
)
f ′q ,
as required. 
When A is a W∗-algebra the situation is described by choosing both p and q equal to the unit in
the theorem above.
Let A be a complex Hilbert space and let a → a− be a conjugate linear mapping from A to itself,
such that, for all elements a and b in A,
(
a−
)− = a, 〈a−,b−〉= 〈b,a〉.
It is shown in [30] that A forms a JBW∗-triple under the triple product deﬁned, for all elements a, b,
and c in A, by
{a b c} = 1 (〈a,b〉c + 〈c,b〉a − 〈a, c−〉b−),
2
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‖a‖2 = 1
2
(〈a,a〉 + (〈a,a〉2 − ∣∣〈a,a−〉∣∣2)
1
2 )
.
Such a space is said to be a spin triple. Furthermore, the JBW∗-triple norm is equivalent to the Hilbert
space norm. Since A is reﬂexive, subspaces of A are norm-closed if and only if they are weak∗-closed.
In order to avoid confusion, the JBW∗-triple annihilator of a subset M of A will be denoted by M⊥
and the Hilbert space orthogonal complement will be denoted by Mperp. The next result outlines the
structure of subtriples, inner ideals, and ideals in a spin triple.
Lemma 6.3. (See [20, Lemma 3.4.1].) Let A be a spin triple and let B be a non-zero subspace of A. Then:
(i) the space B is a subtriple of A if and only if either B and B− coincide or 〈B, B−〉 is equal to zero;
(ii) the space B is an inner ideal in A if and only if either B and A coincide or 〈B, B−〉 is equal to zero;
(iii) if B is an ideal in A, then B is equal to A.
Notice that, since a spin triple A has no non-trivial closed ideals, it is a JBW∗-triple factor. The
next result can be found in [22, Theorem 2.18].
Lemma 6.4. Let A be a spin triple and let J be a norm-closed inner ideal in A. If J has dimension greater than
one, then J is a Peirce inner ideal if and only if J− coincides with the orthogonal complement Jperp of J .
This shows that in a spin triple A, there are far fewer Peirce inner ideals in A than non-Peirce
weak∗-closed inner ideals in A.
The inner ideal Inid(L) associated with any subspace L of a spin triple can now be identiﬁed.
Theorem 6.5. Let A be a spin triple and let L be a non-zero subspace of A with Hilbert space orthogonal
complement Lperp and associated inner ideal Inid(L). Then
Inid(L) = L− ∩ Lperp.
Proof. Let a be an element of Inid(L) and let b be a non-zero element of L. Since Inid(L) is an inner
ideal in A, it follows from Lemma 6.3(ii) that
a− ∈ Inid(L)− ⊆ Inid(L)perp. (6.7)
Observe that, by (3.1) and (6.7),
〈a,b〉a = 〈a,b〉a − 1
2
〈
a,a−
〉
b− = {a b a} ⊆ {Inid(L) L Inid(L)}= {0}.
Consequently,
Inid(L) ⊆ Lperp. (6.8)
In particular, by (6.8), 〈b,a〉 is equal to 0. Since b is equal to (b−)− , it can be seen from (3.2) that
1
2
(〈
b−,a
〉
b − 〈b,b〉a−)= 1
2
(〈
b−,a
〉
b − 〈b, (b−)−〉a−)
= 1
2
(〈b,a〉b− + 〈b−,a〉b − 〈b, (b−)−〉a−)
= {b a b−}⊆ {L Inid(L) A}⊆ L.
A.A. Lubbe / Journal of Algebra 350 (2012) 36–63 61Observe that 〈b−,a〉b is clearly contained in L. Therefore, 〈b,b〉a− is also contained in L. Since b is
non-zero, a− is contained in L. It follows from (6.8) that
Inid(L) ⊆ L− ∩ Lperp. (6.9)
Conversely, let a be an element of L− ∩ Lperp. Since a lies in L− , a− lies in L. Consequently,
{L a A} ⊆ 〈L,a〉A + 〈A,a〉L + 〈L, A−〉a−
⊆ {0} + L +Ca− ⊆ L. (6.10)
Moreover, as a lies in Lperp and a− lies in L, a is orthogonal to a− . Therefore, it follows that
{a L a} ⊆ 〈a, L〉a + 〈a,a−〉L− = {0}. (6.11)
Consequently, by (6.10) and (6.11), a is a member of Inid(L). It can now be seen that
L− ∩ Lperp ⊆ Inid(L)
and hence, by (6.9),
Inid(L) = L− ∩ Lperp,
as required. 
The above result allows a precise identiﬁcation of the inner ideal Inid( J ) associated with a non-
zero inner ideal J in a spin triple to be made.
Corollary 6.6. Let A be a spin triple and let J be a non-zero inner ideal in A with associated inner ideal Inid( J ).
Then
Inid( J ) = J−.
Proof. Since J is a non-zero inner ideal in A, it follows immediately from Lemma 6.3(ii) that
J− ⊆ Jperp.
Consequently, by Theorem 6.5,
Inid( J ) = J−,
as required. 
Remarkably, in the case of a spin triple A, Theorem 5.5 holds for all inner ideals in A. It is not
a necessary requirement for J to be a Peirce inner ideal in A or even to be weak∗-closed.
Corollary 6.7. Let A be a spin triple and let J be an inner ideal in A with associated inner ideal Inid( J ). Then
the inner ideal Inid(Inid( J )) in A associated with Inid( J ) is given by
Inid
(
Inid( J )
)= J .
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Inid(A) = {0}, Inid({0})= A.
Suppose that J is equal to {0}. Then
Inid
(
Inid( J )
)= Inid(Inid({0}))= Inid(A) = {0} = J .
If J is non-zero, then, by Corollary 6.6, Inid( J ) coincides with J− , a non-zero inner ideal in A. There-
fore, by Corollary 6.6,
Inid
(
Inid( J )
)= Inid( J−)= ( J−)− = J ,
as required. 
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